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Note : Solve two parts from each question. Each question carries equal marks.
UNIT -1

State and prove open mapping theorem.
State and prove closed graph theorem.

0 T o

Let {7,}be a sequence of continuous linear operators of Banach Space
X into Banach Space Y such that lim, 7, (x) = T(x)exists for every
xe X . Then prove that T is continuous linear operator and |7]< lim, . inf]T,|.

UNIT - II

2. a. Let X be a normed linear space over K and let S be a linear subspace of X.
Suppose that z € X and dist(z,X) = d > 0. Then Prove that 3 g € X*, such that
g(s) = {0}, g(z) =d and ||gll = 1. http://www.a2zsubjects.com
b. Prove that a Banach space is reflexive if and only if its dual space is
reflexive.

c. Let X and Y be normed spaces over the field K and 7:X - Y, a bounded
linear operator, then

(i) The adjoint 7"is bounded linear operator from Y toX'i.e.
T*e B(F" ;X" ).
i) =4

(iii) The mapping 7 —T'is an isometric isomorphism of B(X.Y)into B(Y . X").
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UNIT - III

3. a. State and prove Cauchy-Schwartz inequality.

b. In an Inner product Space, prove that x and y are orthogonal vectors if and
only if

Ix + ayll = llx — ay|l,V a € K. :
C. Let {e;}qen De an orthonormal set in a Hilbert space H and xeH, then prove

that , x — X(x,e,)e, L ez for each BeA .
UNIT - IV

4. a. Let M be a closed subspace of a Hilberty Space H. Then prove that
H=Me&M*.
b. Let y be a fixed vector in Hilbert Space H and let fy be a scalar defined by
fy(x) = (x,y)Vx € H. Show that fy € B(H,K). Further show that, |lyll = lIfyll.

C. Let H, and H,be Hilbert Spaces. T,S € B(H, H,) and a € K, then prove that :
. (T4+S)=T"+§"
ii. (aT) =ar*
iii. (T$)'=58'T"
V. IT*Tl = ITT"||
UNIT - V

e

a. Let H be a complex Hilbert Space. Then prove that, every T € B(H), can be
expressed uniquely as T = A + iB, where 4,B € §(H).

b. Define normal operators. Let X(H) be the set of all normal operators on H,
then prove that:

i. R(H) is closed under scalar multiplication.
ii. X(H) is a closed subset of B(H).

c. Define Unitary Operators. Let Sand T be unitary operators on a Hilbert
Space H, then prove that,

i. T is isometric
ii. T is Normal
lii. ST is Unitary
iv. T7'is Unitary
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